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ARSTRACT

5

The problem of thermal stress in a Maxwell body is formulated math-
ematically for the case of symmetrically coolea spheres, Time and tempera~
ture dependence of the coefficient of vlscosity and temperature dependence
of the coefficient of expansion are included in the theory. The equations
F ere applied to the calculation of quenching stress in glass spheres, and
the results sre compared with the stress obtained from photoelastic exper-
E iments.

Retarded elasticity is neglected in the present theory. The possible
errors introduced as a result of this omission are estimated, on the basis
of the meager data available, to be less than 20%.

It is also shown that the phencmenon of retarded elasticity can be

attributed to macroscopic chemical inhomogeneities known to exist in glass.
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Introductign

A mathematical theory of quenching stress in glass and e new photo-
elastic technique were recently described by O'Rourke and Saenzl. The
photoelastic technique was subsequently employed by Parsons® 3, His exper-
iments reveal large discrepancies between the stress predicted by O'Rourkets
and Seenz! mathematical theory, and that determined by the photoelastic
method. It is believed that the main source of these discrepancies is an
oversimplified model of the quenching process on which O*Rourke's and Saenz'
mathematical theory was based. The latter theory and Parsons! experiments
are discussed in Sections I and II. _

The viscoelastic behavior of glass, that is included in the present
equations, namely, instantaneous elasticity and flow, is discussed in Section
III. The equations themselves are derived in Sections IV to VII,.

Some of the recent data available on retarded elasticity in glass are
described in Soctiorn VIII. It is shown that a number of mechanical phenomena
exhibited by glass, namely, retarded elasticity, delayed fracture, and a
psculiar fracture phenomenon described by BridgmanA, can be attributed to
macroscopic chemical inhomogeneities known to exist in glass.

There are presently too few experimental data available on retarded
elasticity in glass to include it in a theory of residusl stress. The pos-
sible errors introduced in the present calculations as a result of neglecting

retarded elasticity, are discussed at the ond of Section VIII,

1 R, C. ORourke and A. W. Saenz, "Quenching Stresses in Transparent Isotropic

Media and the Photoelastic Method," Quart. Appl. Math. 8, 303-311 (1950).

2 K. A. Parsons, "A Photoelastic Investigation of Quenching Stresses in
Glass," Proc. Soc. Exp. Stress Analysis 10, No. 1, 1-6 (1952).

3 K. A, Parsons, "Photoelastic Studies of Quenched Cylinders and Spheres,"
Jo Appl. Phys. 24y 469-472 (1953 ).

4 p, W, Bridgman, "The Effect of Hydrostatic Pressure on the Fracture of
Brittle Substances," J. Appl. Fhys. 18, 246-258 (1947).
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I, Discussion of Previous Methematical Theory

Residual stress in glass was recently studied by O'Rourke and Saenzl,
who describe both a mathematical theory and a new photoeléstic technique to
determine quenching stress in glass. Their mathematical theory consists
essentially in simplifying the problem of quenching stress in glass speci.
mens to the problem of thermal stress in elastic specimens of the same
shape. O!Rourke and Saenz noted that, as the tzaperature decreases in tﬁe
annealing‘range, glass passes rapidly from a nearly fluid to a nearly elas-~
tic state. They assumed accordingly that a critical temperature T may be
specified, above which glass is so fluid that it can support only a negligible
deviatoric stress, and below which it is nearly elastic. They concluded,
that it follows from this assumption, that only a small stress is introduced
by quenching a body from a uniform tempe;ature.;T; in a bath of tsmperature

. *
.1; s where 1; >T :’_[;, as long as any portion of it is at a temperature

——#
above | . This stress i1s neglected in their theory. It is thus actually
assumed that prior to a time +* , where £ 1s the time measured from the

initial epoch of quenching to the instant the maximum temperature in the en-

tire body is 'T-*., no stress is introduced as a result of quenching. This
is in effect to assume that all points of the body pass from a fluid to an
elastic state simultansocusly at tf* . Accordingly, at 1;& one is left with
an elastic body free of stress, but with a non-uniform temperature distribu-
tion. As time approaches infinity, and thermal equilibrium is atiained, a
residual stress appears as a result of remcving the temperature gradient at
1;6 o This stress may be calculated from the thermo-elastic equations,
The'theory kas two major sources of error. First, O!Rourke and Saenz
ignore the fact that points near the surface reach the critical temperature

o
T much earlier than points inside the tody, i.e., that the "freezing"

D




atarta.on the surface and proceeds towards the interior. During this period
of "freezing" an inhamogensous thermal contraction of the body takes place,
which generally causes a large siress in the exterior after this part of

the body becomes elastic, and some hydrostatic stress in the interior, which
is sti111 fluid, At t?é s when the whole body has become elastic, the stress
is generally large ani cannot be neglected in comparison with the final
residual stiress. The kind of discrepancy introduced as a result of this
circumstance is discussed here in the case of quenched spheres.

We distinguish between the idealized fiuld-elastic body, which O'Rourke
and Saenz postulated, and an idealized fluid-elastic medium, in which the
transition from fluid %o elastic so0lid is a property of an element of the
body rather than of the body as a whole. The expression for the quenching
stress in the idealized medjum, whean the process of progressive freezing is
taken into acecount, is derived in Section 7II, (Equation (7.3)), for the
case of a sphere symmetrically quenchad. It is shown in Section VII that
the deviatoric quenching stress pfedicted by Equatién (7.3) is much higher,
particularly near the surface, than that predicted by OfRourket!s arni Saenz?
theory, when T is nearer T¢ than Tg . We shall show later that this
i1s the kind of dliacrepancy that exists between CtRourke!s and Saenz! theory
and ths results of a photoelastic investigation recently carried out by
Parsons®'3 on quenched glass spheres, where apparently 1'* was nearer —[;
than [, .

One notes here that O'Rourke and Saenz made a mathematical error in
deriving the expression for the relative retardation predicted by their

theory in the case of glass spheres®, and the results shown in Parsons?

%* Folliowing O'Rourke®s and Saenz'! instructions to obtuin Equation 2,07
from Equation 1,10 in their paper, one finds the relative retardation given
by Equaticn 2.07 to be too large by a factor (n3%2)"2,
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paper are misleading., In Section VI it is shown also that if |~ is near

To y O'Rourke's and Saenz! theor& predicts much larger deviatoric siress

near the surfzce than Equaﬁion (7.3)s In the limit ae T approashes [, g
with T;-— T} remaining constant, O'Rourke!s and Saeni' theory predicts

the maximum quenching streass, This apparently 1s incorrect, because in the

limit as -r*'approaches To the body becomes elastic thrrughout the quench-

ing process, and no residual stress would result. Hence, O'Rourke!s and

Saenz? theory predicts too large a stress when -r*'is near 'T; s and too

small a stress when T°F is near T¢ .

The second source of error lies in the simplified model of the behav-
ior of glass, which effectively neglects stress above 1_*'and release of
stress bdelow ‘r*‘. One is also confronted with the problem of choosing a
suitatle value of T . O'Rourke's and Saenz! theory does not provide any
means for caléulating this.critical temperature from the physical properties
of the glass, and it cannot be determined accurately from the physicai prop-
eriies of'élass alone, since 1-* apparently may be any temperature between
the strain point#®** and some temperature in the annealing range. For lime
glass it means that 'r* may be any temperature in an interval of at least
50°¢. Now, the mugnitude of the residusl stress predicted is nearly propor-
tional to T'— T¢ » and therefore O'Rourkets and Saenz® theory cannot pre-
dict it except when T — 1; >>50°C, which is generaliy not the case,

We conclude that, on account of (1) neglect of stress st 't*', which
isy in efféct, to assume that the whole body "freezes" simultaneously, and
(2) losk of accurate means to determine the wvalue of 1'*, O'Rourke!s and

Saenz! theory caunot in general predict the quenching stress in glass. Both

#% The strain point is the temperature below which no residual stress
results from rapid coolinge.
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of these defects are avoided, in the theory developed below, by introducing

a temperature and time dependent viscous vroperty of the medium.

Il, Discussion of Previous Experiments

.1he new photoelastic technique, described by O'Rourke and Seenz, per-
mits the determination of three dimensional states of stress from measure-
ments of the integrated optical effects after passayge of light rays through
the specimen. The technique is limited to the study of (1) radially aym-
metric stress in a sphere and (2) an axially symmetric stress in a cylinder
where the sum of the principal stresses eguals twice the principal stress
in the axial direction. It is not known that axially symmetric quenching
stiress in a glass cylinder is of the special kind to which the technique
applies, and hence, as far as quenching stress is concerned, the technique
is limited ‘o the study of radially symmetric stress in a sphere,*** The
use of the technique depends, of course, on the knowledge of the stress
optical law., At room temperature the birefringence in glass arises from
instentaneocus elasticity, since glass exhibits essentially only instantaneous
elaslicity at such low temperatures. At the high temperatures, however, at
which the quenching atress is introduced, glass exhibits also retarded elas-
ticity. Thus in a quenched specimen there might be two types of residual
stress, namely, an instantaneocus elastic stress and a retarded elastic stress,
and there are therefore twc possible sources of birefringence. The bire-

fringence due to retarded'elasticity mey be studied separately. From the

#%# This restriction was recently removad by D. C. Drucker and W. B, Woodward,
"Interpretation of FPhotoelastic Transmission Patterns for a Three-Dimensional
Model," J. Appl. Phys. 23, 510-512 (1954 ).
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experimentel data available on retarded elasticity in glass it appears that
the rclaxation time of the phencmenon at room temperature is so large that
a retarded elastic stress 1s practically "frozern". The instantaneous elas-
tilc stress in a quenched séecimen may then be relieved, without disturbing
the "frozen" stress, by cutting the specimen intc sufficiently small pieces.

The Birefringence arising from the retarded elastic stress may thus be deter-

mined separately from measurements on the small pieces of glgss. Such
measurements were made by the author on pieces of glass teken from a quenched
epheré, used earlier by Pursons, which the latter was kind enough to make
available. Only a small amount of relative retardation, about 150 K per cm,
was observed in specimens taken from near the surface of the sphere. This

is quite small compared to the retardation near the surface of the unbroken
spheres, which is of the order of 3,000 to 30,000 X per cm accordiag to
Parsons! experiments. The measurements thus indicate that the birefringence,
observed by Parsons, in this case was primarily the result of an instantaneous
elastic state of stress., It is likely, therefore, that the stress optical
coefficient for glass strained at room temperature applies, and the technique
described by O'Rourke and Saenz may then be used £; determine the instanta-
neous slastic quenching stress. This can be verified indirectly by comparing
the stress thus predicted with the result of an independent thecry. With
this purpose in mind Parscns compared the measured relative retardation in
quenched glass spheres with the retardation predicted from G'Rourkets and

e Saenz!' theory. It is believed here that Parsons did not succeed in justify-

i ing the use of the new photoelastic technique to determine quenching stress

in glassy for reasons which appear in the followlng discussion. As men-

tioned earlier, OtRourke and Saenz made a mathematical error, and the com-
: e
puted photoelastic curve shown vy Parsons is too large by a factor of(Tryk)

or about 4. It turns out also that the average value of the coefficient of
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expanslon used by Parsons is too small by a factor of about 2. Furthermore,
Parsons did nol uss O'Rourke's and Saenz! theory to verify the experimental
resuits, but actually used the latter results to determine a suitable value

of T, such thet the thuory and the experimerts agree quantitatively. And

N e —nl

thus clearly the juantitative agreement obtained does not, as implied by
Parsons, justify the uss of the rhotoelastic method. Furthermore, as ex=-
plained below, it sppears that the residual stress observed in scme cases
was not due to quenching, but was almost entirely a result of the subsequent

cooling to room temperature. The composition of ihe glass has been deter-

mined by analysis to be 72.56 per cent 510, 6.39 per cent CaO, and 21.05
per cent NSZO. An "annealing point' dsfined by Littleton and Robert35 has

been determined to be about 500°C for this glass. At this temperature a

;o me

(S

reslidual stress in glass is annealed in about fifteen mimites. According
to rough calculationé, used commercially to calculate annealing schedules,
this "annealing time" decreases by a factor of about 2 fer each 10°C
increase in the temperature. One finds accordingly that at 523°C and 451°C
the glaés used by Parsons anneals in about three and thirty minutes respec-

tively. The quenched spherss, Nos. 6 and 5, were left in the quenching bath i

S

at these temperatures respectively for about fifteen minutes after attaining

nearly a thermal equilibrimm. One concludes; .nerefore, that practically

no stress can have been present in sphere No. 6 at the end of the quenching
process, and the large stress observed by Parsons must have been the result t

of the subsequent cooling to room temperature. One may note that a cooling

IV AT g S T U g

of the surface of about 1°C per minute would have produzed the observed

stress in this case. As to the stress observed in sphere No. 54 it is likely

] 5 see G. W. Morey, The Properties of Glazs (Reinhold Publ. Corp., New
f York, 1938) p. 191,
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to have been a result both of the quenching to 491°C and the subsequent
cooling to room temperature. ‘The agresment cbtained by Parsons between
theory and experiments in the case of spheres Nos. 5 and & is thus mis-
leading. The "strain point" of the glass, as defined by Littleton and
Robertssg has been determined to be about 470°C, Thus in sphere No. 4y
quenched to‘450°c, the stress observed must have been practically a result
of the quenching only. The comparison in this case between theory and ex-
periment is showm in Fig, 4. One concludes that, even if the guenching
experiments had been carried out correctly, Parsons could not successfully
have fulfilled the purpose of his investigation, namely, to justify the use
of the photoelastiec technigue in the case of guenching stress by comparing
the results with those of an independent theory, since,; as explained earlier,
O'Rourke'!s and Saenz?! mathematical theory does not predict the quenching

stress in glass,

iII, Yiscoelastic Properties of ILime Glass

There is at vresent a general agreement among investigators thét glass
i1s a viscoelastic medivm exhibiting all the important vﬁscoelastic phenomena
namaly, instantaneous elasticity, retarded elasticity. and flow. Except,
ncssibly, for retarded elasticity, the viscoelasticity is linear for smalil
strains, Some of the latest Jdata om the viscoelastic properties of lime
gless are discussed in this section to arrive at a mechanical model describ-
ing approximetely the wviscoelastic behavior,

The flow in lime glass was recently investigated by Lillieé. He found

that the viscosity of glass does not depend on the temperature only, but also

6 H. R. Iillie, "Viscosity-Time-Temperature Relaticus in Glass at Anneaiing
Temporatures," J, Am. Ceram. Soc. 16, 619 (1933).

‘4

. S

e e o~y - B SRy y——
e L HTY
LR s A



3 .\

T e -2 TS T .
AR TS AL A D

o 6 i v

41
e el

on the thermal history. The viscosity of glass held at a constant tempera-
ture generaily changes with time, and gradually approaches a definite value.
Once this value is attained no further change in the viscosity takss vplace
at a constant tempsrature. Lillie called this value the equilibrium vis-
cosity. Il depends on the temperature only. He experimented with chilled -
fibers subsequenily helid at a constant temperature. The fibers were quite
thin, and thermal equilibrium was reached almost immediately., Thus the
change in the viscosity could be studied at constant uniform temperature
subsequent to a temperaturs drop. At first, the coefficient of viscosity,
N y was found to be much lower than the equilibrium viscosity, Mo , but
increased gradually and approached r]w at a rate given by
_d_'l_’_l__ 2 —'-(-l(qﬁﬂ-)- (.1)
dt n

where K, is a constant varying somewhat with th.e temperature. It has been
argued later Ly some observers that the change of the wviscosity observed
by Iillie may have been merely a result of retarded elasticity. The latter
phenomenon would manifest itself in Iillie's experiments by an apparent
cecrease in the viscosity with time. However, Iillie showed alao that, in
fibers subjected to a sudden tempsrature increa=s, the viscosity was first
higher than T]oo s and then, with time, approached it from above. This
Gscrsads in viscosity camnoct be explained to be a result of retarded elastic-
ity. It is now generally accepted that the viscosity derends on the thermal
history. Since Iillie did not take the effacts of retarded elasticity into
account, it is possible that his resulis are ’somewhat erroneous, But at
the present time Iillie!s empirical formula is the best one available to
describe this phenomenon.

The equilibrium viscosity in glass is extrefnely sensitive to tempera-

ture, In the annealing range log Y‘\m is nearly linearly relatecd to the

9.
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temperature. For lime glass this relation i1s such that T]aw doubles for
every 7.5°C drop in temperature. In Parsons! experiment on sphere No. 4

the temperature drop due to guenching is of the order of 150°C. The cor-
responding change in the equilibrium viscosity is more than one million fold.
The actual viscosity changes somewhat less. According to Iillie's formule
(3.1) the change in 1} is about one hundred thousand fold during the quench-
ing process. The medium thus passas from a nearly “1vid to a nearly slastie
state. That is, T passes from a value much smaller than T}, %o a value
much larger than MNe o wheres it is the wvalue below which only a negligible
arount of deviatoric stress exists under the strein rates encountered, and
N2 is the value above which cnly a negligible amount of viscous flow takes
place under the time and stress encountered. The values of T|, and T} cor-
respond approximately to the equilibrium viscosity a2t the upper and lower
temperatures of the annealing range. The annealing range of the glass used
by Parsons is about 470°C to 520°C. The formulae used in this paper to cal-
culate n determine it accurately only in the neighborhood of the interval

( M » Nz )y end are thus good only fer the present purpose.

The equilibrium viscosity of the glass used by Parsons has here been
determined from viscosity data due to Lill:le7° Lillie measured the equilib-
rium viscosity of three glasses, one of which, denoted glass III, had the
composition 71.95 per cent Si0,5 6.78 per cent CaO, and 20,77 per cent Nay0.
This glass is almost of the same composition as the glass used by Parsons,
and from isokoms worked out by Stodi:8 it appears that the viscosity of the

two glasses would be nearly the same, The equilibrium viscosity, the

7 H, R, Lilliey "Viscoaity of Glass Botween the Strain Point and Melting
Temperaturc,” J. Am. Ceram. Soc. L4y 502 (1931).

8 See G. W. Morey, The Properties of Glass (Reinhold Publ. Corp., New
York, 1938) Pe 159.
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"annealirg" and "strain point” determined by lLillie for glass III are there-
fore used here for Parsons® glass.

The instantaneous elastic behavior of glass in the annealing range
has been siudied quite extensively, but no conclusive data sesm to be avail-
able for glasa of composition nearly the same as that used by Parsons. How-
ever, there seemz t{c ha a general agreement. that the instantaneous elastic
constants of ordinary glasses are ruite insensitive to changes in the tem-
perature, albeit they appea> generally to decrease slightly with increasing
temperature. The temperature dependence of the elastic constants is neg-
lected in the present theory and an average value of the constants is used
in the calculations.

Glass exhibits also retarded elasticiiy. This phenomenon is not
included in the present computations, and the subject is thersfore defexrred
to a later section.

In the present paper the viscoslastic behavior of glass is assumed
to be that of a Maxwell body, with temperature insensitive elastic consiants,
and with time and temperature dependent cosffiecient of viscoaity. The

stress-strain relation of such & medium is derived in the following section.

resg=Stral tion

Fig. 1 shows the mechanical model of the medium. The spring rep-
regents the instantaneous, linear, lsotropic elasticity of the medium with
Young!s modulué, E , and Polssonts ratio; vV . The dash-pot represents
incompressible Newtonlian flow, characterized by the viscosity coefficient
ﬂ . £ and 1/ are assumed to he constant, and r] Yo be a function of

time and temperature,
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The equilibrium of the model requires that the stress in both elements

be equal. The stress-strain relation for the elastic element is

€ =LXr-¥g:I1 (4.1)

a4 ~

where g, ’ g y and l are the elastic pure strain dyadic¥*, the stress
dyadic, and the idem factor respectively.

For the flow element we have

agl_ |q-'
ot 2n ~

(4.2)

where gz and:g are the viscous pure etrain dyadic and the deviatoric stress
dyadic respectively. That is, the material can flow deviatorically but not
volumetrically.

Let oK be the coefficient of linear thermal expansion and T the

temperature, then the thermal strain is

£ =€] (4e3)

-
where € = foLdT

iet é be the macroscopic pure strain dyadic including the thermal

strain of the medium. The éeometry of the model requires

(4ol)

26 _ 1 v 4 1xrv L
>t ~IL t g

(be5)

¥ For the dyadic notation used in thils paper, see C. E, Weatherburn,
Advanced Vector Analysis (G. Bell and Sons, London, 1928),
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which 18 the isotropic stress-strain relation of the medium including ther
mal strain. This relation may conveniently be resolwed into two, relating

the volumetric and deviatoric perts separately and becomes, then,
2.y ( ! 1+V 9
A = L
st~ T T TE e .@

20 _ 3 n-av_@
ot E

(406)

wherex is the deviatorie strain dyadic, € the cubical dilatation, and ®

the mezn tension.

v jal etri The 1 Stres

In the case of radisl symmetry, stress and strain may be specified
by the radial and tangential components only. Iet these components be
identified by subscripts r and @ respectively.

The equation of equilibrium in the absence of “ody forces, V-0~ = 0

("4

reduces in this case to

90
o

and the equation of compatibility, VX éx v O , reduces to

—(Er éq? —0 | {(5.2)

One finds that the radial component of the deviatoric stress is given by

I .f__(a' -0 (5.1)

3T, = Z(UF—U;) (5.3)

Noting also that Tp = T, + & Equation (5.1) becomes

20 4 —'1%("32?) =0 (5.4)

=13~
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Furthermore the radiasl component of the deviatoric strain is given by
31, = 2(€— €y)

and, also,
2Tp=—Try 3€p—=3Yp+6

With these results and (4.6), the time derivative of (5.2) becomes,

E orot
Ef%i ) 3 > =0
+arat_ S 'F‘_z‘vl[ r‘]
where
— (L [+ D
o=z + & at)

which reduces to

. L -2y 2*0 ’e _ A
- 27_9-;(0,[»' L']) t £ et + oroE =© (5.5)
Eliminating ® between (5.4) and (5.5) we have
) 3 ‘e
= Q?(DQD’ '?-Jrl) - 4‘,/3’ SroE (5.6)
where
(A 2
.= (7 +%)
and

_ _E
3= G-

Integrating (5.6) with respect to ' we have

=

~—— -
‘\ 4
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(5.7)

where Q%) is a function of integraticm. Iet

Herty— %fﬁs—%-dp + G)

and
a’
yeo= ) oy oy

Then the general solutiom of (5.7} is i

. , . =¥GE)
T=r YA JQW H(nA)da + fie (5.8)
o

where F(r) , a function of integration, is the initial stress in the

medium.

rom Bquations (5.1) emd (5.2) we have

i 3
55 == %o
[~ N
(— t) 1
G =3[Etge +af (5.9)
end
o= Jr — %Hr (5.10)

G () amd .‘(r) are determined from the initiel and boundary conditions,

and & is tte immer radius of the sphere,
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VI. Thermal Stress in a Soiid Sphere

Assume that the sphere is solid, of radius b , and is free of stress
initielly at €t =0 , that is, @ =0 and +(r) in (5.8) 43 identicelily
zeTo, and the subseguent stress is due only to a thermal straine€e . In

order that &p be finite st r=0 , G(t) must be identicelly zero. Thus

{5.8) becomes £
~Y5e) j ¥ g T J’r,.s o€ da
=42 F 5 53 173 )P W] (6.1)
erd (5.%) and (5.13) became, af*w.:.:‘ using the beundary condition 0 = O at
r=>b, ;.

(st}
g, = 3!—;0——5{/; (6.2)
i Ps®)
[£, 3
Gp= 3 54 — 5r 6.3)
-
Imbegrating the ucI"" in trackeis in (£.1) by parts we get

=922 “}f{(r,ii V{J) 2 [G(GAJ ElpsA)p df] dA {6.4)

" where the term in brackets expresses the Afiffarencs tetmen the therwel

strzin at radiuns I© snd the averzge thermsl strzin within the sphere of
redins P . & formals for the thermel stress ray now be obtzired by ingert-
ing (6.4) in (6.2) and (6.3). If we let T} be infinitely large, i.e., the

body is elastic, {6.4) reduces to
r
_ 3 f, 3 }
er=4—ﬂ[ r5o=P 40 ("5‘05)

and imserting this in (6.2} ard (%.3) one obizsins
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which are identical with the well known elastic solution*, excep! that the

coefficient of expansion is usually assumed constant, i.e., & = o T.

VII, Quenching Stress in Glasg Spheres

Let a sphere of glass bs quenched from a temperature To s at which
the glass is quite fluid, to a temperature T; s at which it is nearly solid.
It is assumed that the surface temperature initially decreases discontinuous-
ly with time from To to Tf and remains at T; during the quenching process.

let T be the temperature measured from Tf. o We nuve then®®

2
_ A" sinmr S 1. g (7.1)
T =27, (o sinane o T

where Mo 1s the diffusivity of the medium, b the radius of the sphere, and

£ =L
b 3
The expressicn for the radial deviatoric residual stress is obtained

by setting + =a2 in (6.4), with the result

-4-ﬁfmp( ﬁ,m) [é: - -'%ofg/}d/:]dt (7.2)

The radial and tangential components of stress may be obtained by inserting

" Equation (7.2) in (6.2) and (6.3).

* 8, Timoshenko, Thecry of Elasticity (McGraw-Hill, New York =nd London,
1934) p. 377.

#* W, E. Byerly, Fourier!s Series and Spherical Harmonics (Ginn and Co. ,
Boston, 1893 ) p. 116, example 2.
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The expression for the deviatoric quenching stress in the idealized

medium may be calculated frem Equation (7.2)., This equation tekes into

sphere assume the critical temperature T*at different times. As mentioned
in Section I, this circumstance was ignored by O'Rourke and Saenz. For
such a medium one has r) =0 for > T and 'r'l =a0 for | < T*, i.e.o
the medium cannot support any deviatoric stress at temperatures above, and
is perfectly elastic at temperatures below T* o« To perform the integration
of Equation (7.2) with respect to time, let us assume that the radius is
fixed at some arbitrary value, I , and let ’E' Yz) be the time measured
from the initial epoch of quenching to the instant the temperature at rg is
T’t One should note the difference between £ defined in Section I and
t(la) . The latter is a function of the radius, and it equals +™ for

=0 . Noting that at r =7V -
0y t<tln)

(- ) —
LXP 7 f VIBH) )yt >t(r)
one finds that the integration of Equation (7.2) yields

* z
r=r L =Zew)
Comparing Equations (6.5) and (7.,) one finds that the quenching stress in

the idealized medium at ¥ ==lo is equal, except for sign, to the thermal
stress in an elastic sphere at ¥ = I , with elastic properties equal to
the instan‘b;neous elastic properties of the idealized medium, due to a tem-
perature distribution evaluated from Equation (7.1) at the time E( rc).
For the argument in Sectlion I it suffices to assume that the coefficient

of expansion is constant. Equation (7.3) may then be written
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while the corresponding stress predicted by O'Rourke's and Saenz! theory is

% .
“7———‘{730('% j [T(os,t*) — T(p,‘t’?_,ﬁ'd/o (7.5)

In Figs. 2 and 3 the temperature distribution at t =t* and at
£t =t (@) for r=.8b is shown. Equation (7.4) predicts a stress at
r =7c equal to the thermal stress in an elastic body as a result of removing
the temperature distribution at ‘E("&) sy whereas O'Rourke?s and Seenz?! theory
rredicts & stress equal to the thermal stress in an elastic body due to the
removal of the temperature distribution at f;* . In Fig, 24 the temperature
distributicns at E(To) and 't# are compared in the case when T* is nearer
Ti: than it 1is to T;, y and apparently O'Rourkefs and Saenz? theory predicts
a much smaller stress than Equation (7.4). In Fig. 3 -rﬁeis near TB s and
in this case O'Rourke!s and Saenz! theory predicts much larger stress than
Equation (7.4). This is the errcr introduced in O%Rourke's and Sesenz!
mathematical theory as a result of the simplifying assumption that all
points of the body "freeze” simultaneously.

The radial deviatoric quenching stress may be calculated from Equa-
tion (7.2) inserting the actual v on in the physical constants with
time and temperature. Cn account of the resulting complex analytical form
of the integrand of Equation (7.2), it can cnly be integrated numerically,
This has been dons o predict the nquenching stress in sphere No. 4 which
was examined by Parsons. The result is shown in #ig. 4. The complete
historles of the deviatoric, instantaneoug elastic strain and the viscous
strain are shown in Fig. 5 for points a distance .8b from the center of
sphere No. 4. Since the thermal history of cpheres Nos. 5 and 6 i3 not
known during the cooling to room temperature, the stress in these spheres

cannot be evaluated by the present theory fer reasons explained in Section I.

=39



The physical constents of the glass used by Parsons have been deier-

BEpS

mined as follows:

The coefficlent of expansion has been determined from expansion

-

measurements on the glass used by Parsons. These measurements were carried
§ out at Bell Telephone laboratories, and the results are shown in Fig. 6.
The measurements were carried out only to about 530°C, and the coefficient
of expansion above this temperature has been estimated from other exper-
imental results®, The equilibrium viscesity of the present glass isy as
mentiored in Section III, nearly equal to the equilibrium viscosity of a
glass of about the same chemical composition on which Lillie carried out

extensive viscosity measurements. The value used here 1s

33.6 — ox :
FDCDISGES

r'w = |O

and is sufficiently accurate for the present purpose. The variation in the
actual viscosity, ?} s with time has been determined by a numerical integra-

tion of Iillie's formula, Equation (3.1). The values of the parameter k&a

used here are as determined by ILillie for a lime glass of a somewhat dif-
ferent chemical composition, having an "annealing point" about 9°C higher
than that used by Parsons. The values of the diffusivity, Young's modulus
and Poissont's ratio used are as given by Parsons., The values are, respec-
tively,
Le67 110_3 cmz/sec ;3 6.68 ¢ 1011 dynes/cm® ;3 (J184) .

t The numerical integration of Equation (7.2) with respect to time has
been carried out from the initial epoch of quenching, t =0 +to the time
the sphere was removed from the bath,'t = 2700 sec. Due to uncertainties

regarding the temperature very near the surface and the thermal history effects

# Ses table XI 12, after Seddon, Turner, and Winks, p. 280 in reference 5.

=20~
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on the viscosity of glass rapldly cooled, the stress has been evaluated only
for values of r/b 1less than .9.

It turns out that the deviatoric quenching stress near the surfage
and near the center o the sphere cannot be determined accurately by O'Rourke's
and Saenz! photoelastic technique. One notes that the length of the 1ight
path, whiéh lies within the medium, decreases rapidly with increasing radius,
and the rate of decrease approaches infinity as ¥ approaches E . This
mekes the determination of the stress nesr the surface very difficult., Near
the center of the sphere cne finds that small variations in the integrated
relative retardation correspond to very large variations in the deviatoric
stress, Since small errors are inherent in the measurements of the relative
retardation, the deviatoric stress near the center predicted from Parsons?
experiments cannot be considered very accurate.

On= notes from Fig., 4 that there is a rather good agreement betwsen
the stress pradicted by the present theory and Parsons! experiments for sphere
No. 4. The agreement suggests that both the new photoelastic technique
described by ORourke and Saenz and the present theory predict the instanta-
neous elastic quenching stress in glass. The strees predicted by O'Rourke's
and Saenz! theory is also shown in Fig. 4, using 1-*'= 500°C, which is the
"annealing temperature" of the medium. One notes that the predicted deviatoric

stress is much too small near the surface.

VII1, Retarded Elasticity in Glass

There 1s sufficient experimental evidence available at the present
time to demonstrate the presence of retarded elasticity in crdinary glascs.
There is, however, no agreement among observers about the physical constants

characterizing the phenomenon, namely, the relaxation. time and the elastic

-2l
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constants asgociated with it. Betarded elasticity was investigated recently
in lime glass at temperatures between the strain point and the softening
pceint by Taylor and co~workers?, They measured the deformation of fibers
at constant temperature subsequent to the application and removal of loads.
The fibers were held at constant temperature sufficiently long before each
experimental run so that the equilibriuwr viscosity was essentlally attained.
The deformation due to irreversible viscous flow thus proceeded at a con-
stant rate, depending on the load only, at each temperature, It could then
be accurately subtracted from the total deformation, and the reversible
viscoelastic deflection could be studied separately. This deflection con-
sists of two parts, an instantaneous elastic and a retarded elastic deflec-
tion. To distingulsh between these phenomena Taylor measured the deforms-
tion of the fibers just before and five seconds after the appllication and
removal of loads, and attributed the change in the reversible deformation
between these epochs to instantaneocus elasticity. It was later pointed out
by Jones10911512 that some retarded elastic deformation occurred within
these five seconds, particularly at higher temperatures, since the retarded
elastic strain rate is then quite rapid, and that Taylor therefore failed

to separate the instantsneous elastic and retairded elacstic strains. Jones

9N, W, Taylory, E. P, McNamara, J. Sherman, "A& Study of the Elastico-
Viscous Properties of a Soda-Lime-Silica Glass at Temperatures near the
"Transformation Point"," J. Soc. Glass Tech. 21, %1 (1937).

10 g, o. Jones, "The Determination of the Elastic and Viscous Properties
of Glass of Temperatures below the Annealing Range," J. Soc. Glass Tech.
28, 432 (1944).

11 g, 0. Jones, "The Influence of Delayed Eles:icity on the Rate of
Annealing of Glassy" J. Soc. Glass Tech. 31, 218 (1947).

2 g, 0. Jones, "Some Aspects of the Flow Properties of Glass of Very
High Viscosity," J. Soc. Glass Tech. 33, 64 (1949).
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concluded thus that the variation in the magnitude of the retarded elastic
strain with temperature, determined by Taylor to be decreasing with increas-
ing temperaturs, is incorrect. One notes here that variation with tempera-
ture of the retarded elastic strain can be determined approximately from
Taylor's values of the total reversible deflection, which are quite reliable,
and data available on instantaneous elasticity in glass*., First, Taylor
found that the total reversible strain does not vary with the temperature
in the annealing range. Secondly, the results of data, just referred to,
indicate that the instantaneocus elastic deflecticn iz gquitls imssmsitive W
the temperature, howsver, increasing somewhat with the temperature. There-
fore, we may conclude that the retarded elastic strain, being the diffsrsnce
tween the former two, must also be quite insensitive to changes in the
temperature near the annealing point, decreasing somewhat with temperature.
It appears then from Taylor's experiments that the magnitude of ths retarded
strain is somewhat smaller than the corresponding instantansous elastic
strain, Taylor studied also the relaxation time of the phenomsnon, and he
found that 1t is nearly proportional to the equilibrium viscosity of the
glass. If we extrapolate the vwalues of the relaxation time, we find that
at lower temperatures the phenomenon cennst bs observed unlsss experimental
rune are carrisd out for many months or years. This has rot yet been done.
Short time observations, however, were carried out by Jonealo’11’12 at tem-
peratures ranging from about 200°C to the annealing peint,; ebout 520°C.
He found that below 400°C thers is a small amount of retarded elastic defor-
mationy of the order of five per cent of the correspcnding instantaneous
elastic deformation, with much shorter relaxation time than that prediocted

frem sxirapolaticns of Taylor's results. The difference in the relaxation

* See reference 5, pp. 307-214.
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times is apparently of many orders of magnitude. At about 400°C Jones
observed an increase in the retarded deformaticn to about éeventy per cent
of the corresponding instantanecus elastic strain. Jones?! results indicate
that the magnitude of the rctzrded doformation 1s insensitiva tn tempera-
ture above 400°C, which agrees with the conclusion arrived at above, on the
basis of Taylor's values of the total reversible strain and the data,y re-

ferred to, on the instantaneous elastic strain. Jones, however, did not

A (D, 4 NMEE

believe his results to be reliable at temperatures much above 400°C. On
the basis of the rapid increase in the deformation observed at about 400°C,
he conjectured that it would continue to increase rapidly in the annealing
rangey becoming much larger than the instantaneous elastic deflection at

higher temperatures. One notes here, that Jones obtained no direct exper-

imental evidence of such a continued increase of the retardec deformation
in the annealing range, and the conclusion arrived at earlier, namely, that

the magnitude of the retarded deformation is rather insensitive to the tem-

——

perature, seems to be more reliable,

If glass exnibits a large retarded deformation also at lows:r tem=-
peratures, one notes that Jones would not have been able to observe it in
his short time experiments, since, as indicated by Taylort!s results, the
E relaxation time of the phenomenon would be extremely large. It is quite
i likely that the small deformation measured by Jones is only the initial rap-
id development of the reterded cdeformation at lower temperatures, and that
actually a much larger rstarded strain exists with very long relaxation time.
} This is just the kind of retarded elasticity one would expect to be

exhibited by glass as a result of inhomogeneities in the chemical composition

——

which are known to exist in glass. The viscosity of glass is extremely sen-

sitive to small variations in the composition, and thus glass is an irhomocge-

neous viscoelastic medium, having essentiaily a space dependent viscosity.
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The inhamogeneity in the density of gleas was recently studied by
J. Ce Turnbulll3, and F. V., Tooley and R. L. Tiede4115, Mair experiments
show that quite large variations in the density exist, apparently on a
small scale comparable to the grain size of the raw materials used. The
variation in density is xmown t3 be a resuli of a variation of the chemical
composition, but very few data are yet available to correlate the spread
in density; observed in these experiments, with a spread in the chemical
composition. Judging from the few data available, however, spreads in the
chamical composition corresponding tc mere then ten per cent varisticns in
the major ingredients are likely to exist in glass. This corresponds to
more than a thousand fold spread in the coefficient of viscosity. Thus
glass seems to be composed of a large number of small regions each having
different viscosity. From Tooley!s and Tiede's experiments it appears that
only a small fraction of the glass was found to have a density very much
different from the average, and hence it would seem that only a small frac-
tion of the glass would have a viscosity differing from the average by
factors of more than a thousand, and that the viscosity of the remaining
glass would vary within narrower limits. Nothing is presently known about
the shape of these regions, which might largely determine the overall mechan-
ical behavior of the medium. It is, therefore, not yet possible in general
to predict the overall viscoelastic behavior of glass as-a consequence of

inkomoganeities. In the fibers used by Taylor, however, these regions must

13 3., c. Turnbull, "Separation of Inhomogeneities in Bottle Glass by
Density Differences," J. Am. Ceram. Soc. 24, 37 (1941).

L%, v, Tooley and R, L. Tiede, "Factors Affecting the Degree of
Homogeneity of Glass,® J. Am. Ceram. Soc. 27, 42 (1944).

15 R, L. Tiede and F. V. Tooley, "Effect of Temperature cn Homogenizing
Rate of Soda-Lime-Silica Glass," J. Am. Ceram. Soc. 28, 42 (1945). ’
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have been very muck elongated along the axis of the fiber, due to the very
large viscous flow in this direction as the fibers were drawn. For the

same reason, in the glass plates used by Jones, the regions must have been
elongatea in the plane of the plates. This is not the case for the small,
stiffer portions of the glass, which would likely still have small dimensions
in all directions. In both the fibers and the plates then, the regions of
intermediate and low viscosity would be very much elongated in the direction
of the applied stress. They would then act togather like, for example, the
fibers in textiles, and would be subjected to nearly the same elongation
under the stress, The regions of higher viscosity would have much less
effect on the overall behavior of such a medium, being mofe or less spherical
in shape and not connected with each other., If it is assumed that homoge-
neous glass exhibits instantaneous elasticity and flow only, which is gen-
erally the case of solid solutionsy one would predict that the behavicr
observed by Jones and Taylor can be represented by a mechanical model con-
sisting of a number of Maxwell elements arranged in parallel, the elements
having nearly the same elastic constants but quite different coefficients

of viscosity. This is, indeed, the case, Such a mechanical model is shown
in Fig. 7. The eiements are assumed tc be arranged in the order of decrsas-
ing viscosity. The few elements of low viscosity represent the smaller but
most fluld portion of the glass, and the elements of intermediate viscosity
represent the major portion of the glass. The elcments corresponding to

the regions of high viscosity are left out, since their effect on the over-
all behavior wculd be small for the reasons mentioned above. The elements
of low viscosity account for the initial rapid relaxation of the retarded

strain, which was observed by Jones. At low temperatures the élements of

~ intermediate relaxation times, which represent the major portion of the

glass, would exhibit essentially instantaneous elasticity only during short 1

~26-
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time loading, and the smzller, mecre viscous part of the medium, represented
by the low viscoegity elements, would give rise to a small amount of retarded
defcrmation with short relaxation time., As the temperature increases, a
continually larger part of the glass would flow appreciably under short

time loading, and the mediwr would appear to exhibit an increasingly larger
retarded strain. This agrees with the actual observations described by
Jones., At high temperatures the initial rate of relaxation of the retarded
strain would be extremely fast, because the relaxation time of the low
viscosity elements then would be extremély: short  The magnitude of this
initial, rapid, retardsd strain, however, would be quite smzll compared to
the retarded strain caused hy the elemecnts of {the intermediate relexation:
timesy which represent the larger portion of the glass. Taylcr must have
failed to observe the small amount of retarded elasticity which is developed
quite rapidly initially., He observed apparently only the larger amount of
retarded elasticity exhibited by the larger portion of the glass, and

which at high temperatures has a sufficiently short relaxation time so that
it may be studied under short time loading.

It turns out that the derivative of log'q vwith respect to tempeiz-
ture is insensitive to variations in the chemical composition, and it is
nearly constant in the annealing range and at temperatures below¥® It fol-
lcws, since the dash-pots in Fig. 7 represent the viscosities of glasses
of slightly different compositions, that the ratiocs of the viscosities of
these elements are insensitive to the temperature., One finds, therefore,
that the magnitude of the retarded deformation predicted by the model in
Fig. 7 1s insensitive to the temperature, and that the relaxation time of

the phenomenon is proportional to the average viscosity of the irreversible

English, in reference 5, p. 150,

s = - A S g
st st o i s gt e o o e AP w09



TN

N

HII Lo e & Al s D et i ans ot s g et

flow of the medium. These predictions agree with the conclusions arrived
at earlier on the basis of Taylor's experiments and the data, referred to,
on instantaneous elasticity in glass. The_retarded deformation prsdicted
from Fig. 7 is in good agreement with the experimental observations of
Taylor and Jones, and it is concluded, therefore, that the phencomenon of
retarded elasticity in glass can be attributed to chemical inhomogeneities
in glass.

One may note that the magnitude and the relaxation time of the phe-
nomenon, determinsd by Taylor and Jones, ere not in general appliecable to
glass specimens of the same compositiony but of shapes other than fibers
or plates, because, as explained earlier, the overall behavior is likely
to depend to a large extent on both the shape of the regions of different
composition, and possibly also on th2 degree of hamogeneity. Omne notes
also that both glass fibers and .plates are likely anisotropic, and would
exhibit different amcunts of retarded elasticity depending on the direction
of the applied stress. Glass which haes not been subjected to large viscous
flow in any particular directicn, might be expected to be statistically
isotropic and would possibly exhibit less retarded elasticity.

It might be mentioned here that a number of mschanical phencmena
sxhibited by glass, for example, delayed fracture, fracture under hydro-
static prsssurc with the pressure reduced in one directionA, and possibly
also the increased strength of fibers, may be explained as a result of chem-
ical inhomogeneities. One would expect, namely, that initially. when a
piece of glase is loaded, the stress would be uniformly distributed, because
the elastic constants are rather uniform, With time, however, the stress
in the more viscous regions would relgx partly, and the stress would be
transferred to ths stiffer r»egicone in the medium, This would lead to con~

centrations of stress, which would initiate small fractures, The small
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fractures would tnan propagate, and lead to complete fracture of the bedy.
In fibers, where the regions of different viscosity are elongated in the
direciion of the stress, the stress concentration is known from the theory
of elasticity to heve less effect, and therefore one would expect the fibers
to be stronger. One would, in general, predict that glass, subjecteC to
long t;me loading, is strongest in the directions in which a large viscous
flow has taken place.

In order to estimate the possible errors introdﬁced in ihe present
calculations of the instantaneous elastic quenching stress as a result of
neglecting retarded elasticity, it is convenient first to study the history
of the quenching process predicted by the present theory. In Fig. 5 the
variation with time of the instantaneous elastic strain and the viscous flow
is shown for sphere No. 4 at r =.8b from the initial epoch of quenching
to the time ?he sphere was removed from the bath; The figure serves here
to iliustrate the importent phenomena of the quenching process. Confining
our attention to a shell of infinitesimal thickness at a fixed value of the
radiusy one may distinguish between the following two stages of the quench-
ing process: )

(1) At timest £ 200 sec., the thermal contraction of the shell is
much more rapild than the average thermal contraction of the interior. A
lJarge viscous stretch of the shell takes place, and practically no instanta-
neous elastic deviatoric strain exists, because the shell is yet too fluid
to surport deviatoric stress.

(11) At times + > 200 sec., the thermal contraction of the shell is
gradually becoming slower than the average thermal contraction of the inte-
rior. A viscous flow now takes place irn the opposite direction, and as the
shell becomes stiffer, a compressive instantaneous deviatoric strain is

gradually invroduced.
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One notes here that the deviatoric stress in the ocase of a sphere
depends on the viscosity only at the particular valve of the rsdius at
which it is evaluated. This is clear from Equation (7.2) noting that in
the time integration, which yjlelds the deviatoric stress, the valve of the
radius is held fixed. This would be the case even if the medium exhibits,
in addition to instantaneous elasticity and incompressible flow, also
incompressible retarded elastieity. It can be shown, namely, by a simple
symmetry argument that the deviatoric stress at any Ve depends on the
compressibility of the medium at ¥ & Yo and ths slastic and viscous prop-
erties of the medium at r=7Yo . One assumes here that both the revers-
ible and irreversible flows are deviatoric only, and hence have no effect
on the dilatstiocn of the medium. It follows then that in the first stage
of the quenching process, described eaflier, the effect of retarded elas-
ticity must necessarily be small because the shell is %to0o fluid to support
any deviatoric stress. The irreversible flow dominates during this stage s
of the quenching process. A retarded elastic stress, however, will be
introduced during the second stage, and is accompanied by an elastically
retarded flow in the same direction as the irreversible flow. Thus, the
apparent coefficient of viscosity of the shell during the second stage of
the quenching process will at all times be lower than the coefficient of
viscosity of the irreversible flow. The total flow, i.e., the sum of the
reversible and irreversible floﬁ, would thus be larger during the second
stage of the quenching process, than the £low predicted by the present
theory. Hence, the present theory would be likely to predict too large
instantaneous elastic deviatoric stress.

According to Taylor's results the apparent viscosity of glass, sub~
sequent to loading, varies betwoen about . 87']_ and I’I s where n is the

coaefficient. of viscosity of the irreversible flow. Assuming that this is

-30-
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the case, the instantaneous elastic devietoric stress would apparently lie
between the value predicted by the present thsory and the smaller value

obtained inserting .8q in Equation (6.2). The latter value is about 20
per cent lower than the stress shown in Fig. 4. This is then a very rough

estimate of the error introduced as a result of neglecting retarded elastic-
ity.

Acknowledgment

The author wishes to thank Professor R. D. Mindlin of Columbia

University for suggesting this investigation and for his invaluetle advice

during its course,

-31-

T . N ] Y I e AT V0 T P G S B

SEE—— - . . - O e e L b . et

M

il e »



_.._ﬂw't_( a

e ¥

Flg. 1

The mechanical model of the idealized viscoelastiic medium,
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